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Abstract

This paper aims to investigate certain aspects @flWaccount of implicit definitions. The papekés
under consideration Weyl's approach to a certaim kif implicit definitions i.e. abstraction prindés
introduced by Frege. Abstraction principles arecdmiditionals that transform certain equivalence
relations into identity statements, defining thgrebathematical terms in an implicit way. The paper
compares the analytic reading of implicit definitiooffered by the Neo-Fregean program with Weyl's
account which has phenomenological leanings. Theempauggests that Weyl's account should be
construed as putting emphasis on intentionalitjurhan mind towards certaimvariant features of the
elements of initial domains of discourse that amlved in equivalence relations. Definition offrtes
like direction, shape numberetc. is achieved by a kind of transformation ofstainvariants intadeal
objects that is involved in intuition. Then the paprgues that at the period (1926) of Weyl's wgs

on implicit definitions, he is inclined to endorsgmbolic construction as a way to explicate the

objectivity of certain processes as those thatarged out in case of implicit definitions.
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object

1. Introduction

Weyl offers an account of implicit definitions inish(1926) Philosophie der Mathematik und
Naturwissenschaf(expanded and translated B&ilosophy of Mathematics and Natural Science
Princeton University Press, 1949, and recentlyinggnl by Princeton University Press, 2009)ost of

the examples he has taken under consideration comaegean contextual definitions about which

! Citations of (1926) in the text follow the 2009%tination.
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much philosophical discussion has been recentlyeniadhe context of the Neo-Fregégwrogram.
Yet, Weyl's approach is very different since it stmes implicit definitions in a way that does not
avoid to take seriously in account his phenomeriokddeanings. Weyl's work has passed through
several phases. IPas Kontinuum(1918) Weyl was strongly influenced by Husserlislgsophy of
mathematics and logic. Some years after the puldiceof it, he was impressed by Brower's
intuitionism and his intuitionist phase lasted Lnt©24. He then admitted that intuitionistic
mathematics could not account for mathematics irsedtural science so he changed his philosophical
position by making justice to Hilbert's program.riher, as Mancosu and Ryckman (2002) maintain,
Weyl was inclined to do justice to formalism at tdecade of twenties, so departing both from
intuitionism and phenomenological tradition. Thigppr argues that Weyl's elaboration of implicit
definitions in (1926) shows off, on the one hansl ihenomenological leanings, on the other hand an
inclination towards symbolic mathematics that comeesverstep the intuitively accessible.

Particularly, the paper focuses its attention @nwlay Weyl construes the procedure by which
certain mathematical terms esghape direction, congruent integeretc. are implicitly defined. It
compares his account with the Neo-Fregean one ambipts the differences. It argues that Weyl
retains certain phenomenological commitments wéifiard to the topic of mathematical definition at
the time of his 1926 work, but he endorses, atdhme time, the symbolic reconstruction as a

necessary way to go beyond the intuitive.

2. Abstraction Principles asimplicit definitions

Frege presented abstraction principle§&iindlagender Arithmetic(1884) to introduce certain sortal
concepts, e.g. of natural number, direction, shape, Abstraction principles are taken to be iniplic
definitions in the recent philosophical literatuoencerning the Neo-Fregean program and the
discussion about it. An implicit definition, in geml, is a stipulation of a sentence (or a set of
sentences) as true that contains (containgdéfmiendum(definiendq. Implicit definitions do not aim

to interpret thedefiniendainto already known expressions as explicit défing do. They are not

definitions of the form =4’ hence, they do not eliminate the content of dieéiniendumin favour of

thedefiniens as e.g. in case of ‘bacheleg; an unmarried adult man’. Instead, implicit defioits fix
some pattern of use of tliefiniendaby stipulating certain sentences (or sets of seet® as true. In
particular, abstraction principles have been caomestras implicit definitions too. They are the oumeo
of the stipulation of appropriate bi-conditionatsteue which determine truth conditions for serigént
contexts in which thelefiniendaappear. So they fix patterns of use for dedinienda (cf. MacBride
2003; Hale & Wright 2001; Hale 2001). Some examfiddsw:

In Grundlagen 8864-68, Frege introduced the principle (D=) tfhe¢s truth conditions for
sentential contexts of the form “8)(= D(b)” (“The direction of linea is the same as the direction of

line b") in which thedefinienda(the singular terms ‘)", ‘D(b)’) occur.
(D=) ¥a)(vh) [(D(a) =D()) < (a/lb)]

2 The Neo-Fregean program (Neo-Logicism, Neo-Freigearoffered a systematic analytic defense of
Frege’s two basic claims according to which arittimis reduced to logic and natural numbers are
abstract objects.



In this casega,b denote straight lines, i.e. the variables boundhieyquantifiers take their values from
an initial domain of straight lines.

(:The direction of the line a is the same as thedtiive of the line b if and only if a is parallel b)*.

The Principle (D=) is taken to implicitly defineetlconcept ofdirection of a line by establishing a
pattern of use for the terms ‘®)(, ‘D(b)’ (‘the direction ofa’, ‘the direction ofb’) (cf. Hale & Wright
2001 131).

Frege introduced the principle (N=) too (or, as ibtherwise been called, Hume's Princfple
that fixes truth conditions of sentential contemfsthe form “Nx:Fx=Nx:Gx” (“The number of the
conceptF is the same as the number of the con€&ptin which thedefinienda(the terms ‘Nx:Fx’,
‘Nx:Gx’) occur.

(N =) VR (VG) [(NX:FXx = Nx:Gx) <« (F1-1G)]
Here,F, G denote concepts, i.e. the variables bound by tlaatifiers take their values from a domain
of concepts. This is why the abstraction principlguestion is second order quantified.
(The number of the concept F is the same as the euoflihe concept G if and only if (the instances
of) F and G are 1-1 correlated
An example: leF be the concejuestandG be the conceplinner plateso the number of the guests
is the same as the number of dinner plates if ang i6 the instances of the two concepts are 1-1
correlated.

D= and N= (HP) are universally quantified bi-comatials that establish truth conditions of
appropriate contexts (: identity sentential corgkxh which thedefiniendaoccur. Thedefinienda
acquire their meanings in such contexts accordingrege’s context principle: the meaning of an
expression should always be defined in the contdxth whole sentence (it cannot be defined
independently of a sentential context). Frege dgrrhis abstraction principles as contextual
definitions. Yet, he was very disappointed wherfdwend out a characteristic of them that is related
the so called ‘Ceasar’s problen&iundlagen 866). He noticed that a sentential identity crnli&e
‘I = Nx:Gx” cannot be paraphrased as the right haitlg of the bi-conditional of HP indicates. For
example, let j be the name ‘Julius Ceasar’. Then dbntext “Julius Ceasar = Nx:Gx” cannot be
paraphrased as the right hand side of HP indicatesas an 1-1 correlation among instances of two
concepts. This fact stroke Frege as a seriouscdiffi of his abstraction principles to function as
satisfactory definitions. In fact, the abstractiprinciple does not answer the question whether an
object of the world that we pick up is a numbemot. This is why Frege abandoned the attempt to
define directions and numbers by means of contéxtefinitions and he went on to define them by
giving explicit definitions through extensiohsThe problem Frege came up against was that his
abstraction principles are not explicit definitiosiace they do not provide for the elimination loéit

definiendain all contexts of occurrences. Crispin Wright &89 clarified the same fact by explaining

% For this formulation in ordinary language Gftundlagens64.

* The name is due to the fact that when Frege intred the principle in question, he reminded of
Hume’s considerations about numerical identity.

® For Frege’'®xplicit definitions cf.Grundlagen§68: “the direction of the linais the extension of the
concept ‘parallel to the ling” and “the number of the conceptis the extension of the concept
‘equinumerous to the concelpt.



that an abstraction principle (e.g. HP) cannot ielate thedefinienda(e.g. the terms ‘Nx:Fx’, ‘Nx:Gx’)

in all contexts, in favour of thdefiniens(: the 1-1 correlation between the instances af tancepts)
(cf. Wright 1983 135-136; Hale & Wright 2001 12).nAdentity context “j = Nx:Gx” can be
paraphrased as an 1-1 correlation between thenpesaof two concepts only in case that ‘j’ has the
same form (‘Nx:Fx’) with the second term that apgéa the identity context. So abstraction prinegpl
are notexplicit definitions. After Wright’s remark, abstractioninmiples are taken tonplicitly define
the singular terms which occur on the left hanck sifl the relative bi-conditional by fixing the thut
conditions of an identity sentential context anthlelishing a certain pattern of use of thefinienda
(cf. Hale & Wright 2001 12-14 142-150; MacBride 30010-1125.

Abstraction principles, systems of axioms and Carcanditional$ are three basic kinds of
implicit definitions under investigation nowadays.(Hale & Wright 2001 117-150). In case of
axiomatic systems, a set of sentences are stipudstdrue in which thdefiniendaappear. The set of
sentences in question define more than one tefimsy(; ‘h’ etc.) simultaneously. For example, on the
basis of Hilbert's axiomatization, the system ofthdean axioms define collectively the geometrical
terms ‘point’, ‘line’, ‘plane’ by establishing ceih mutual relations that points, lines and plastesuld
satisfy. Analogously, the system of Peano axionfimeémplicitly ‘number’, ‘zero’, ‘successor’ on ¢h
basis of mutual relations and conditions they sthaatisfy. The Frege — Hilbert controversy about
whether axioms can define mathematical terms i$ kmelwn (cf. Resnik 1974). Frege rejected the use
of axiomatic systems as definitions of any kind louHilbert's sense, systems of axioms are implicit
definitions. However, it has been ironically tragiat although Frege did not like implicit defiwitis,
his own abstraction principles are construed adigihglefinitions too in the recent discussion (radt
course, in the way that systems of axioms are takelme but according to the account previously
presented).

As previously noted, abstraction principles arpustitions of appropriate bi-conditionals that
settle truth conditions of identity sentential aris in which thedefiniendaoccur. | will present
MacBride’s (2003 110-111) description of the way arstraction principle functions as an implicit
definition in the general case. The general forrarofbstraction principle is the following and tnks
in the following way:

(=) va)(vb) [(X(@) =Z(b)) «> (a=b)]

Let ‘a’, ‘b’ be terms of a language that is already in use'ané relational predicate that expresses an
equivalence relation R among the elemengmdb of an initial domainR: a relation that is reflexive,
symmetrical and transitive). The bi-conditionalguestion is stipulated as true. It extends theadlye
familiar language by introducing an operakbmhich produces new singular tern¥ad)’, ‘ =(b)’, ...
e.t.c. (For example, in case of HP, the arithmetigeerator N is the operator that extends theahiti

language by producing the singular terms ‘Nx:FX\x!GX',...). Moreover, the bi-conditional

® Particularly, in their paper (2001 144-146) Hal&\&ight argue that HP is an implicit definition tha
avoidsarrogance A more general suggestion is made that conditiorfarm implicit definitions (like
abstraction principles) avoid arrogance.

" A Carnap conditional has the formx(#x) > #f* (: if something satisfies such and such ctindi
then f satisfies those conditions). It is takelvéoan implicit definition of a theoretical sciertiferm f,
e.g. ‘electron’. (cf. Hale & Wright (2001); Psillé@ Christopoulou (2009))
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establishes truth conditions for the novel equalitptexts of the formX(a)=X(b)’. So we set a
definition thatimplicitly accrues meanings to the term-forming operairand the newly formed
terms (£(a)’, ‘£(b), e.t.c.) (cf. Hale & Wright 2001 142). The atasttion principleX= is not a

definition of the form &4’ that is, it does not eliminate the content of tlediniendain favour of the

definienshence it is not aexplicit definition. Instead, it fixes some pattern of u$e¢he definiendaby
determining truth conditions for sentential conseitt which thedefiniendaappear. On the account
presented, abstraction principles are taken toripdidit definitions. Further, the discussion comiag
abstraction principles as implicit definitions indes many issues about certain properties that
abstraction principles should possess, e.g. ca@mgigt non-arrogance, conservativeness, etc in ¢oder
work as good implicit definitions. For example, iRaken to possess all the above virties.

| will remind of some main points of the NeoFregesatount of abstraction principles. An
abstraction principle accomplishes two main tassfwhich the first is concept formation. According
to the advocates of Neo-Fregeanism (Hale & Wrigh@12117-150), abstraction principles introduce
certain concepts (e.g. the conceptdakction the concept ohumber the concept oshapee.t.c.).
Recall that Frege himself maintained that certaimcepts (e.g. the conceptdifection the concept of
numbej are obtained by a processretarvingthe contentof the right-hand side of the relative bi-
conditional in anew way on the left-hand side. IBrundlagen864 he holds, for example, that the
concept of thalirection of a line is introduced bgecarving the contendf parallelism of straight lines
(the right-hand side of D=) in a new way on thd-lefnd side as an identity betwedinections of
those lines. Further, Frege regards the right-hsidé of D= as quite familiar to our cognitive
equipment (more familiar than the left) since platmm itself is given to us in intuition. Similglthe
concept of natural number is introduced (in casklwie’s Principle) by recarving the content of 1-1
correlation among the instances of concéptndG (right-hand side oHume’s Principl¢ in a new
way on the left hand side as an arithmetical idgn®f course, 1-1 correlation is quite familiardar
cognitive equipment not because it is given initido as in case of parallelism but because it is a
(second-order) logical relation. Recall that Frageees with Kant that geometrical knowledge arises
from intuition however he holds that arithmeticabkvledge origins from logic.

The question that arises is what does Frege meahebyotion fecarving the conter? In
fact, he suggests that identity statements (statenod direction and statements of numerical idgnti

can be viewed as carving up in a new way the comestatements asserting the relevant equivalence

8 Non — arrogancés a property of an implicit definition. An impltadefinition should beonarrogant
i.e. it should not need any a posteriori work feraffirmation. For example, according to Hale &
Wright (2001 142-150), HP avoidsrogancebecause of its (double) conditional form. Besides,
implicit definition isconservativef and only if it does not imply new consequenties were not
already implied by the initial language before Yieey stipulation takes place. In fact, HP does not
imply new consequences that were not already imifflefore the extension of the initial vocabulary
takes place by means of the introduction of theape N. Some abstraction principles are consistent
conservative, non arrogant and work successfullynaficit definitions. The discussion about the
virtues of abstraction principles that work as gauglicit definitions is broad as well as rich. fFo
example, cf. discussion about the so called “badpamy” i.e. a class of abstraction principles thak
certain virtues of good implicit definitions (Linbe 2009; Eklund 2009, etc.)



relations (parallelism, 1-1 correlation) among $inand concepts respectively. A very interesting
account of that crucial notion has been providedheyadvocates of Neo-Fregeanism, especially Hale
(2001). Hale (2001 341) notes thetntentis difficult to be construed since Frege soon rafte
Grundlagenreplaced it by the notions of thought and truttuggas special case of sense and reference
distinction). However, Hale suggests tlaintentshould be regarded asweak notionof sense He
explains that the two sides of an abstraction jplaccoincide inweak sensé and only if they share
the same truth conditions. For example, the idgwfidirections and parallelism of lines that appaa

the left hand side and the right hand side of Bspeetively share the same truth conditions. Furtier
standard interpretation of the notion refcarving the contenby the NeoFregeans is based on their
notion of reconceptualizationThey suggest that the left hand side of an adtsbra principle is no
more than reconceptualization of the states ofirafidepicted by the corresponding right hand side.
Hence, an abstraction principle is takemgoonceptualis¢he states of affairs that are described by the
right-hand side of its bi-conditional. The statdsatfairs described by the right hand side of De ar
given to us as the obtaining of an equivalencdioglgparallelism) among lines so we have the aptio
of reconceiving such states of affairs as an itheofia new kind of thing, i.e. directions. The yéact
that two lines are parallel constitutes the idgnoit their directions (Hale and Wright 2001 2779, S
reconceptualizatiorf the states of affairs (parallelism) that arealibed by the right-hand side of the
bi-conditional D= in a new way provides a new cgicethe concept ofdirection of a line.
Analogously,reconceptualizatiorof the states of affairs (1-1 correlation) thag¢ a@escribed by the
right-hand side oHume’s Principeprovides an identity of natural numbers. Conceytese instances
are 1-1 correlated (e.g. conceyteel of my caand concepleg of my degkpossess the same number
(four).

There is a second task that an abstraction precgucomplishes: it makes us able to
recognize certain ontologies of abstract objects,dérections numberse.t.c. The abstract objects in
guestion are the very instances of the conceptsatigaintroduced by means of abstraction principles
For example,Hume’s Principledefines (implicitly) the concept afiatural humberwhereas each
individual natural number is an instance of that\x@ncept. The instances of the conadiptctionare
abstract objects etc. The abstract objects in tueste the objects of reference of relative siagul
terms. Hence, the number 1 is the object of refereri the singular term ‘the number of the coné¢eépt

wheread- may be the conceptoon of the earth

3. Hermann Weyl on definition by abstraction

Weyl offers an example that arises from an axiormuélzircles in order to show the way creative
definitions work. According to it, ‘a point O anddifferent point A determine a circle, the “circle
about O through A”; that a point P lies on thiscldrmeans that OA=0OP.’ This axiom on its own
defines implicitly a circle. Yet, Weyl emphasizée tfact that a circle is giveonly by a point O, a
(different) point A and what is meant by ‘the poldtlies on the circle’. Then he lays down truth
conditions for circles to be identical. In prin@plthe criterion of identity of circles prescriltbat the
circle about O through A is identical with the ¢&r@bout O through A if and only if all points on the

first circle also lie on the second circle. Howewafeyl avoids involvement of infinite manifolds of



points by replacing this criterion by the criteri@@): ‘the circle about O through A is identicaltivthe
circle about Othrough A if and only if O coincides with Oand OA=0A". Weyl presents it as an
example ofcreativedefinition and he stresses the point that on sushtting any reference to infinite
manifold is ruled out. This is important becauseeneorses the view that mind can carry out only
finite creative acts and infinite as closed and plete in itself is rejected. By the way, the rej@otof

the infinite as closed and complete is a charastterof intuitionism as well as the phenomenolobica
tradition. In Weyl's view, to construct definiteycircle, one needs only two different points O and
and understanding what is meant by ‘the point B d¢ie the circle’. The latter is understood by the
equality OP=0A.

The above act is constructivistréative in Weyl's terms). Yet, functional expressions are
useful in order to present it. Weyl takes ‘the leirabout O through A’ to be the value of a functin
of O and A as the arguments. Then the above aitesiated as (C) says that the value of the fumctio
@ of the points O and A is the same as the valubefunction® of the points OandA" if and only if
O coincides with Oand A coincides with\". According to this setting however, the criter{@) can
perfectly be regarded as an abstraction principéspite the fact that Weyl does not mention itsit
clear that he defines circles by means of an atigiraprinciple.

Hermann Weyl mentions Frege as the philosopherfatmulated the method of definition by
abstraction principles in all generality and he aeks that Helmholtz elaborated it too in theé"19
century? Weyl (1926 8-10) asserts that abstraction priesirigin from equivalence relations among
elements of an initial domain D. He describes ttex@dure in question by exposing certain examples.
The first one he takes under consideration is acpie based on a relation sfmilarity among
geometrical figures. Geometrical similarig is an equivalence relation (reflexive, symmettical

transitive) so Weyl puts down the bi-conditionahé shapeof the figureg is thesameas theshapeof

the figure h if and only if the figure g is similar to the figure h”. This can be written down by the

standard form of an abstraction principle:

(S=) @a(vh) [(S@ =Sh) <« @~h)]
(In other words, two figures have the same shapadfonly if they are geometrically
similar to each other). It should be remarked that thstrabtion principle (S=) was firstly introduced
by Frege inGrundlagen864, many years before Weyl's writings, as a didin of the concept of
shapeof a triangle (two triangles have the same shapadfonly if they arsimilar to each other).

A second example of abstraction that Weyl puts &dy(that is not introduced by Frege) is
about integers which areongruent modulo mWeyl writes: “two integers according to Gauss are
congruent modul if their difference is divisible by 5" (1926 10y the general case, two integers x
and y arecongruent modulan if and only if their difference is divisible by. Weyl believes that one
can obtain thecongruence-integers modulm from the domain Z of integers by means of an

abstraction principle. To reconstruct Weyl's idsappose we lay down the following equivalence

® Weyl cites FregeDie Grundlagen der ArithmetjlBreslau 1884, §§ 63-68 as well as Helmholtz,
1887, Zihlen und Messen, 188Wissenschaftliche Abhandlungéh, p. 377.
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relationR : x-y is divisible by5 (i.e. x-y = 5k, k integer)’ Then we obtain : % y (mod5) (i.e. x and y
arecongruent mod).
So, let a principle stating that

“x and y arecongruent mod & and only if their difference is divisible by 3*
(VX)(Vy) [x =y (mod5) « x-y is divisible by5] X, y integers
This principle can take the more general form:
(VX)(Vy) [x =y (modm) « x-y is divisible bym] X, y integers
m integer m>1
(x and y arecongruent mod nif and only if their difference is divisible by)
However, since all abstraction principles make afsan operator that correlates elements of

the initial domain D to singular terms, we needehan operator Jin order to give the above principle

the standard form of a bi-conditional of an abgteexcprinciple:

(C=) X)(VY) [T () =T () < Xy is divisible bym]

(According to this formulation, I (x) and T, (y) are the values of the operatay, for x andy as the
arguments. The left hand side includes an idestiyement whereas the right hand side includes the
initial equivalence relation R betwegm@mndy stated above).

The focal point, according to Weyl, is that one t@asake under consideration threvariant
features of the elements x and y that are corelatethe equivalence principle R. In case of the
example S= mentioned above, similarity of figurad aquality of the angles of similar figures exgres
certain features that remain invariant. In cas¢hefsecond example, i.e. principle C=, invariarce i
expressed by the fact that x and y leave the samainder if divided by m. In order to explain what
really happens, one should think that the equivaerelationR: ‘x-y is divisible by m' forms a
partition of the domain of integers Z that yielthe tequivalence classess, ©,, ... G, Each one of
those classes includes integers whichcamegruent mod nand if, divided bym, they leave the same
remainder. So the members of the above classes leawainder 0, 1, ... m-1 respectively. Weyl
remarks that the result of the (above) abstragiifmeedure C= is a finite domain 6felements (in the
general casan elements) that is obtained from an initial infndomain of integers. The finite domain
is: {Cqo, Cy, ... G} (in the general case: {C,, ... Gy.1}). He further stresses the important point (well
known by the number theorists) that the operatimfaddition and multiplicatioff are invariant with
respect to congruence, so the usual algebra caarbied on as well as in the infinite domain Z foé t
ordinary integers (cf. 1926 10).

Weyl's account of the procedure has the followirgimtharacteristics:

a. Weyl holds that elements of the original domahmt is: figures, lines, integers etc. that are

equivalently related by an equivalence relati®dmavea feature in commothat remainsnvariant

191t is easy to see that this relation is reflexissgnmetrical and transitive.

1 Equivalently, x and y areongruent mod if and only if, divided bys, they leave the same
remainder.

12 addition: Ty, (X) + T (y) = T (x+y), Multiplication: Ty, (X)* Tm ()= Tm (X*y), X, y, m integers,
m>1, It can be proved that the setd C,, ... G..1} is an abelian group with regard to addition and
reversing semi-group with an identity element wébard to multiplication. Besides, multiplication i
distributive to addition.



through the procedure. This is obvious in all caseshave come across so far, for example, in chse o
the abstraction principle S=, the equivalence i@aR in question igeometrical similarity whereas
two figures that are taken to be geometricallyilar to each other have the sastepe(: a featuran
common) In case of the abstraction principle D=, the eglg@xce relatiorR in question is parallelism
whereas lines that are taken to be parallel to edwr have the san#rection(: a feature in common)
etc.

b. An important point in Weyl's account (cf. 19286)1s that the allegeféature in commopreviously
mentioned is being transformed intoideal object by means of an abstraction principle. Fameple,

a shapethat is the common feature of two geometricallyikir figures is transformed into adeal
object. Analogously, Weyl thinks that tleelour of a flower is afeature in commorf two or more
particular flowers and that can be transformed @t@eal object.ldeal objects arise as the outcome of
transformation of the common features of thingst thee involved in the respective abstraction
principles as equivalent by an equivalence rela®on

c. Weyl's account departs from Frege and is difieedso from the Neo-Fregean approach so long as it
endorses a kind of constructivism. | will recaléthoint that according to Frege, numbers are alistra
objects (cf.Grundlagen 862). Besides, according to the Neo-Fregean agprehapes numbers
directions etc. are abstract objects, hence, not creationdurhan mind. Wright (2001 278)
characteristically notes that it is important todbear that it would be a misconception to vievs tiaisk

of an abstraction as involving the notion that edittobjects are creations of the human mind. He
stresses the point that what is formed —createdsugo an implicit definition is a concept e.g. the
concept of number (not the abstract objects thattlae instances of that concept e.g. the particular
numbers). The existence of the alleged abstractctbjresults from the truth of certain statements
(Wright 1983 148). On the other hand, Weyl constrabstraction principles in constructivist lines,
hence his definitions are creative in some sereg flowever, will be clarified later, in sectiongdd

5.

d. Intuition has an important role in Weyl's account of imlidefinitions however Frege’s account
takes intuition to be important only in case of getrical examples at the starting point of the
procedure. For example, in case of the abstragtiortiple D= concerning directions of lines, Frege
holds that parallelism (the equivalence relatiobween lines) from which the abstraction principle
origins, is given to us in intuitiongrundlagen864). By contrast, in case of arithmetic Fregeattesp
from Kant and supports the view that arithmetifoisnded on logic alone. His arithmetical example of
abstraction principle N= (Hume’s Principle) menganin the first section of this paper is based on a

equivalence relation (1-1 correspondence) thatkisrt to hold in (¥ order) logic alone.

4. Therole of intention and intuition

As noted in section 2, there is a crucial stagthé procedure which Frege puts onrasarving the
contentof the right hand side of an abstraction princifiee equivalence relation among certain
elements of an initial domain D) and reformulatings an identity statement on the left hand sidhés
process is construed in termsretonceptualizationn the Neo-Fregean context as we saw. However,

Weyl (1926 11) construes the procedure in questidhe context of an entirely different philosopdlic



tradition. On his account, there is also a kindrahsformation but he puts it differently as foliogy:
the procedure discloses the allegethmon featuresf certain items of the original domain D that are
correlated by equivalence relations. Further asftamation of thosecommon featureénto ideal
objects takes place. The role of intuition is dizeisn that process of transformation. | will atjgtnto
reconstruct the process in question accordingggtints a. and b. made in the previous section.

Weyl was influenced by Husserl so it is plausilhlatthe puts emphasis on the role of mind in
structuring and formingdeal objects in phenomenological terms. In the firsicgl he attributes a
special role to intentionality by stating that thathematician has amtention to consider exclusively
certain invariant properties and relations among thriginally given objectg1926 9). The notion of
intentionalityis endorsed to describe directedness of certaimahacts like thinking, believing, e.t.c.
to certain invariant properties and relations thate discussed in section 3 with regard to his ¢xasn
of abstraction principles S= and C=. Recall thatthnse cases, we came across such invariant
characteristics likaimilarity of figures (e.g. triangles) whose correspondimigsihave invariant ratios
and their relative angles have the same numerialeg or,congruentintegers modn that leave the
same remainder if divided by Moreover, in case of congruent integers mgdt was noted that
addition and multiplication are invariant with regp to congruencemod m. Hence in all cases of
abstraction principles, certain invariant properié the elements of the original domain constithte
starting point to which the act of thinking is dited. In fact, the equivalence relation from wharh
abstraction procedure origins, provides theariant elements towards which the human mind is
intended. Yet those invariant properties are exgpdsemeans of certain features that the elements of
the original domain have in common. Recall thaséation 3, we saw that according to Weyl, lines,
integers etc. that are equivalently related by gquivalence relatiolR havea feature in commom
each case. For example, two geometricallyilar triangles have a&hape in commomhereas two
parallel lines have direction in commonetc. To stress the point concerning the commatufes in
qguestion, Weyl remarks that two flowers may havammon feature (colour ‘red’) andhe general
procedure of constructing these remainders and eheamerical values of angles and ratios,
respectively, (in the mathematical cases) takepthee of the feature ‘colour’, its identical res@ibr
two integers or triangles that of the identical dfeof two flowers (1926 11). However, the next step
after directedness is transformation of those festintoideal objects.

Generation ofideal objects is the second creative act in the proeedumder consideration
which shows off Weyl's phenomenological leanings.tthe phenomenological tradition the role of
intuition is quite important in the constitution ioieal objects. An object is constituted if it is brought
into light by a certain process that is involvedntuition hence, intuition enables the object tectbse
itself and become present to mind (cf. SokolowX¥00). The mind is directed towards various states
of affairs, properties or relations that remainanant but in order to obtain knowledge, the initemt
need to be fulfilled (Husserl 19007L That is, unless intuition fulfills an intentiothe object in
guestion is still absent (it is not present to nindence, fulfillment of certain intentions towards

invariant features and relations results in coutstih of ideal objects (cf. Tieszen 2005). In thght of

13 |Investigations VI, §§ 1-29 offers an account @f sue of how an intention is fulfilled.
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the above account of how ideal objects are comstfuve can explain the way by which ideal objects
are generated by abstraction .

As we saw, at the beginning of the procedure ddilastraction principle, the mind is directed
towards certain properties and relations, featweghings of the original domains that remain
invariant. However, the alleged intentions shdwddfulfilled by intuition in all those cases thaeng
discussed so far. Thus, intuition involves a fini®cess that is carried out in time so that those
features concerning the alleged invariants in doeste.g. shapesof figures, directions of lines,
congruentintengers etc. come to disclose themselves andnie@resent to mind adeal objects
Weyl remarks that...the transformation of a common feature into aratlobject... is an essential
step (1926 11)*

Consequently, an abstraction principle involvesaef process of intuition that fulfills certain
mathematical intentions and generatdsal objects. Existence of Weyl'gleal objects should be
construed in a transcendental sense. Existenicealfobjects is given in intuition as the content af th
processes of consciousness. However, as weidaal, objects that are generated by abstraction are
taken to emerge froimmvariant properties and relations of things that are cateel by an equivalence
relationR. So they are constituted in intuition as the omtecof a kind of transformation of certain

invariant states of affairs.

5. Symbolic construction

The importance of theymbolicin Weyl's account of implicit definitions (like abraction principles or
the definition of a circle) mentioned above is &®otpoint that this paper aims to stress. It leenb
remarked(cf. Mancosu and Ryckman 2002) that during the deaddwenties, Weyl made justice to
formalistic methods since he admitted that phenariogly as well as intuitionism were insufficient for
the understanding of the whole mathematics sincaynparts of mathematical theories cannot be
reduced to what is intuitively accessible. Weylidatd that a further step (beyond the intuitively
accessible) is necessary in mathematical knowledigethis is constituted in symbolic construction.
Hence, one can detect his inclination to symbadiastruction in his (1926). He writes tHat. It took

a long time for mathematics before it had acquitieel constructive tools to cope with the complexity
and variety of such intuitively given figures. Rurce it had reached that stage the superiorityt®f i
symbolic methods became evidede also concludes:dll knowledge while it starts with intuitive
description, tends toward symbolic constructi¢®26 75).

In regard with the topic of implicit definitions diinclination to symbolic construction is
obvious too. Intuitive exhibition meets symbolicnstruction in case of abstraction principles. Weyl
makes use of symbolic tools, like functiobu, v, ...) with one or more arguments that vary liree
within certain domains. In particular, such funosowith one blankb(u) are taken by him to present
properties. However, he thinks that functioh@u, v) with two arguments may also be in use that

present binary relations and so on. Such functjopsrators) correlate elements of an initial dontain

1% The intuitionist leanings of Weyl (which involvee importance of intuition too) are not adequate
enough to explain Weyl's persistence onttia@sformation of the invariant features into idexdljects
The latter is a phenomenological notion. So ihis phenomenological leanings of Weyl that justify h
claim about théransformationin question.
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certain properties, relations etc., that is, to #iflegedfeaturesin question we saw in the previous
section. For example, if u and w are figur@§,) is theshapeof the figure u and(w) is theshapeof
the figure w then an abstraction principle can &id down according to whictb(u) is identical to
@(w) if and only if u is geometricallgimilar to w. However, in case of the definition of thectd, we
need a binary functio®(u, v). We saw that Weyl takes ‘the circle abouth@®ugh A’ to be the value
of a function® of O and A as the arguments. &, A) is identical tod(0O’, A’) (i.e. the value of the
function ® of the points O and A is identical to the valuetteg function® of the points OandA’) if
and only if O coincides with Oand A coincides withA’. Similarly, one can make use of ternary,
guaternary relations etc.

It is worth mentioning that the Neo-Fregean accaledls with symbolism in similar lines.
Appropriate operators form functional expressidke fthe shapeof the figureg’, ‘the direction of the
line @' etc. Bob Hale (1987 35) maintains that the Frege@cedure of providing terms for directions
and shapes is generalized to yield a functionajudar term Té). An abstraction principle is then
formed by the following bi-conditional:

T(X) = T(y) if and only ifRxy
(The value of the operator T mfas the argument is identical to the value of therator T ofy as the
argument)

So, the use of functions-operators by means oftwhinctional expressions like ‘trshapeof
the figureg' are formed is significant in both accounts (of Wand Frege) because it plays a crucial
role in the process of the alleged transformatibrequivalence relations of the right hand side of
abstraction principles into identities occurring thie left hand side. However, we saw that thera is
difference in that on the one hand, Weyl holds thatalleged functional expressions e.g. thapeof
the figureg’, e.t.c. stand for certaifieatures(in common) (e.gshape, directionge.t.c.) that are
purported to be transformed inieal objects. On the other hand, according to the Fmeggew, the
functional expressions in question are singulam$ethat are purported to refer to abstract objects.
Despite the differences that were discussed inipusvsections, symbolic construction represents the
process in a uniform way and fixes the standardhfof abstraction principles as bi-conditionals fwit
an identity relation on the left-hand side and quialence relation on the right-hand side). Heiitce,
makes explicit the standard way all abstractiongiples work.

It should be asserted that the symbolic is not eent@ol of communication in this phase of
Weyl's writings. As he notescbnsciousness makes the attempt to jump over sstadow, ... to
represent the transcendent- but, how could it ewtise?, only through the symb¢@1926 66). This
point needs clarification. In the previous sectise saw that Weyl'sdeal objects are generated in
intuition as the outcome of the processes of constiess. What is at stake here is the requirenient o
objectivity that needs to be fulfilled. If ideal jelsts become present in intuition as the outcome of
certain processes of an individual consciousness tthat safeguards that processes carried out by
individual consciousnesses conclude uniformly mshme outcomes?

However, the requirement of objectivity can be nmethe following way. As | noted in
sections 3 and 4 an important point of Weyl's appfoconcerns thimvarianceof certain features of

the elements of the initial domain that remain &tahrough the process of an abstraction principle.
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Symbolic expressions such ag)S(‘the shape of the figurg), D(a) (:'the direction of the lin&’) etc.
explicate thosénvariantsand present them as objects. So we can find a conpiace to assert that
both Frege and Weyl's accounts take such expressmatand for thenvariantsin question ghapes
directions etc). Hence, the important point here is thas#iovariantsare independent of us, that is,

we cannot create them arbitrarily and their absimaom of invariance is modelled in symbols.

6. Conclusion

In the preceding sections there was an attemptighlipht certain aspects of Weyl's approach to
Fregean implicit definitions. According to Fregbgetcontent of an equivalence relation among the
elements of an initial domain is reformulated asidamtity statement where new expressions occur.
Those expressions stand for abstract objects. ®wttier hand, Weyl's account was construed in the
context of his commitments to the tradition of ptirenology. Weyl describes the same procedure as a
transformation of invariant features of the elersenf an initial domain (that are involved in
equivalence relations) into ideal objects. Weyksaunt puts emphasis in the role of intentionadity
well as intuition in order to explain how the aldeljobjects come to be present in human mind.
However, he makes justice to the symbolic constvacbf the procedure in a way that tends to

safeguard objectivity.
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